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The temperature is expressed as the sum of integrals of a particular 
form. Expressions for the required time functions" are determined in 
accordance with prescribed boundary and contact conditions by means 
of the Laplace transformation. Sample solutions are given. 

1. The o n e - d i m e n s i o n a l  hea t - conduc t ion  p rob l e m 
for  an n - l a y e r e d ,  unbounded p lane  wal l ,  unbounded 
cy l inde r ,  and s p h e r e  with cons tan t  t h e r m o p h y s i c a l  
coeff ic ients  in each l aye r  can be  wr i t t en  in the fo l -  
lowing way : 

G~ = ,f d 0 gi (~, O) K~ (r, ~ - -  O, d ~" ~) ~, 
0 Ri. 1 

Hi = .I Xi (0) Ki (r, T - -  0, Rt-1) d 0; 
0 

J~ = i ~ i ( O ) K i ( r ,  T - - O ,  R~)dO. 
0 

Ot~ ( 0% ~o at i 
�9 a i  + . . . . . . .  + g i  (r, % ( 1 )  

0 ": \ Or 2 r Or ] 

For  a plate  v = 0, and for  a cy l i nde r  and sphere  v = 1. 
In e x p r e s s i o n  (7) we have omit ted  the s u b s c r i p t  co. 

where  i = 1, 2, . ~  n ;  R i _ i <  r <  Ri ;  Ri_ l, R i a re  
the coord ina tes  of the boundary  su r f ace s  of the l aye r  
(Fig.  1) ; t i ( r ,  r) is the t e m p e r a t u r e  of the i - th  l aye r  
at point  r at ins tan t  r;  a i is the t h e r m a l  conduct iv i ty  
of the i - th  l a y e r  ; gi(r ,  r) a re  p r e s c r i b e d  funct ions  ; 

= 0, 1, 2, r e s p e c t i v e l y ,  for a plate ,  cy l inder ,  and 
sphere .  The in i t i a l  and bounda ry  condi t ions  a r e :  

t i (r, O) ,fi (r), 

(1 o at, (Ro, ~) + ~ot, (Ro, ~) : ~o (0, 
Or 

at. (R., "0 
Or 

(2) 

(3) 

(4) 

(~, C~n, 3o, ~Jn a re  n u m b e r s ,  r and On(r) a re  p r e -  
s c r ibed  funct ions of t ime .  On the contact  su r f aces  b e -  

/ 2 "*" n 

0 r 

Fig.  i. n - l a y e r e d  wall .  

tween the l aye r s ,  the fol lowing condi t ions  a re  p r e -  

s c r ibed  : 

t (R~, r) =t~.~(R~, % i =  1, 2 . . . . .  n - - l ,  (5) 

Z, Oti (Ri, ~r) . Ofl+j (Ri,  T) 
- %'+i - - - -  (6) 

Or Or 

X i is the t h e r m a l  conduct iv i ty  in the i - th  layer .  We 
seek the solut ion in the form 

i,. (r, T) F, -'1- G,. -+- H i -k '[i, (7)  

where 

R i 

R~.-- 1 

�9 �9 �9 

�9 �9 

Fig.  2. Scheme for Eq. 
(29). 

Where n e c e s s a r y ,  the tex twi l l  indica te  whether  the s y s -  
t em (7) r e f e r s  to a plate,  cy l inde r ,  or  sphere .  Ki(r ,  
7-, ~) a r e  p r e s c r i b e d  funct ions  sa t i s fy ing  the homoge-  
neous hea t -conduc t ion  equat ion,  i . e . ,  when in (1) 
gi(r ,  ~-) = 0, F i, H i, J i  a r e  in t eg ra l s  of known fo rm 
sa t i s fy ing  the homogeneous  hea t -conduc t ion  equat ion;  
G i s a t i s f i e s  Eq. (1). The in tegra l  F i s a t i s f i e s  the i n i -  
t ia l  condi t ion (2), and in t eg ra l s  G i, H i, and Ji sa t is fy  
the zero in i t i a l  condi t ion.  With the s ta ted condi t ions  
e x p r e s s i o n  (7) wil l  be a so lu t ion  of Eq. (1) with the 
in i t ia l  condi t ion (2). To solve the p rob lem with 2n 
boundary  and contact  condi t ions  (3 ) - (6 ) ,  we mus t  de-  
t e r m i n e  n sums  H i + Ji conta in ing  the in tegrand of 2n 
unknown funct ions  Xi(T) and St(T), for  which we put 
exp re s s ion  (7) in (3 ) -{6) .  We obta in  the sy t em of 

equat ions 

ao(Hl,o --  Ji o) + ~ o ( H l . o §  J~, o) A r 

Hl,l  - j-  Jl ,J - -  H2,1 - -  J2,1 = A2, 

~2 
H § J i  J - - - -  (H2/ l  + J2/J) = A.a, 

�9 �9 �9 �9 =: �9 

�9 �9 �9 �9 := �9 

H,,-1, ,~- l + J . - l ,  n- i  - -  H~. ,,--I - - J , , ,  ,,-I = A2n-,. , 

~" (H~,.-I + J . . . .  I) =A~.-1, 

a n (Hn 'n + Jn'n) + ~n (Hn, n ~- Jn. n) - A2n, (8) 
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w h e r e  

A~ = q~o ( J  - -  % (Fifo + 61/o) - -  ~o (Fl, ~ 4- Gi,o) 

for  k = I, 2 . . . . .  n - - l ;  

A~+ a = ~*(F~+~I~ + G*+w~)--F~I~ - -  G,I~; 

A~,, -- ep. ( J  - -  % (F,,/,, + G,,/,,) - -  ~,, (Fn, , -t- Gn, n). 

The e x p r e s s i o n s  of s y s t e m  (8) conta in  the  fo l lowing 
s y m b o l s .  The v a l u e s  of the i n t e g r a l s  F ,  G., H.., and 

i ~ 
J i  a t  r = R k a r e  denoted  by F i ,  k, e tc .  ; the  va lues  of 
0/~r F i,  G i, H i, J i  a t  r = R k a r e  denoted  by F i /k ,  and 
so on. We deno te  the  unknown funct ions  Xi(T) by X2i-1, 
el(T) by x2i, func t ions  Ki ( r ,  T,~ ) by K i t  ~, t h e i r  e x -  
p r e s s i o n s  at  r = R k and ~ = R m by Kik m,  and the v a l -  
ues  of a / ~ r  K i r  ~ by Mi r  ~, A f t e r  app ly ing  the L a p l a c e  

t r a n s f o r m a t i o n  F(s )  = J'f  (z) exp (-- s T) d ~ to the  o r t g i -  
0 

na l s ,  the  l e f t  and r i g h t  s i d e s  of Eqs.  (8),  and us ing  
the convolu t ion  t h e o r e m  we obta in  a s y s t e m  of equa -  
t ions fo r  the  unknown funct ions  ~k" The  b a r  above  
the l e t t e r  deno te s  the  L a p l a c e  i m a g e  of the c o r r e s p o n d -  
•ng func t ions .  The e x p a n d e d  m a t r i x  of th is  s y s t e m  has 
the f o r m  

w h e r e  d i s  a d e t e r m i n a n t  c o m p o s e d  of t e r m s  of the un-  
expanded  m a t r i x  (9) ; dj i s  a d e t e r m i n a n t  ob ta ined  by 
r e p l a c e m e n t  of the j - t h  co lumn in the  d e t e r m i n a n t  d by 
a co lumn of f r e e  t e r m s  of t h e  s y s t e m  f o r  the  i m a g e s .  

Since Hi = K i t ,  i-1 x 2 i - i  and J i  = K i r i  x2i ,  then,  r e -  
v e r s i n g  the L a p l a c e  t r a n s f o r m a t i o n ,  we obta in  

l 
//i.+ Jj  = -  x 

2~ i 
ffj-~00 

x (K'i~. i - ,  ~ i - ,  + K#ix~i) exp s,~ ds, 

~-- O0 

(11) 

w h e r e  s is  a v a r i a b l e  in the c o m p l e x  r e g i o n ;  tr is  the  
va lue  on the r e a l  ax is  f o r m i n g  the l e f t  bounda ry  of the  
r e g i o n  of r e g u l a r i t y  of the  i n t eg rand .  

2. We can  s e l e c t  the  fo l lowing funct ions  Ki( r ,  r ,  ~) 
which s a t i s fy  the  above  condi t ions  fo r  the  i n t e g r a l s  
f r o m  (7). 

F o r  a p l a t e  

1 { (r--~)~./ (12) 
Ki(r ,  ~, ~) = 2 ]fl a i ~  exp 4aF j . 

F r o m  (12) 

M i (r, r, ~) = :-,-~ exp  . ( 1 3 )  
4 g ~ a , ~ t  ~'~ 4ai'r I 

bit b,2 0 0 0 0 0 0 

KllO KII' - -KI l l  --K212 0 0 

N , , .  ~,,, _ ~--~ N.,,, ~ N,,~ o .... o 

0 0 �9 �9 �9 �9 

0 0 

0 0 

0 0 

0 0 �9 �9 �9 �9 0 0 

Kn-I, n--l, n--2 Kn-l, n - l ,  n - I  0 0 0 0 

0 0 0 0 
- -  k .  

~'n M n .  n - L  n - z  - - - -  M n .  n - 1 .  n 
1 ~ . - ,  k . - t  

0 0 0 0 0 0 b~., 2.-I b2n, 2n 

Al 

Az 

A~ 

A2n- 

A,~, (9) 

The first and last lines of the unexpanded matrix 
contain two, and the rest four, nonzero terms, bu = 

=~o,-~.,o + ~oK~oo, b,._= aoM,o~+13oK--,ol, b.~., 2 . - ,  = ~ . M - .  . . . .  , + 
"T ~,,R . . . . . . . .  ,. b2,,. 2, : : a , , ~  . . . . .  + ~n'K, . . . . .  The so lu t ion  
of the nonhomogeneous  s y s t e m  for  the i m a g e s  can  be 
obtained f rom the C r a m e r  f o r m u l a s  

x i : d i : d ,  ] =  1, 2, . . , ,  n, (10) 

According to [i] 

~ ,  (r, ~, ~) - - -  

When r < 

Ml (r, T, ~) = - - -  

1 
2 ~ exp 

i t -  %1 k % / .  (14) 

(15) 
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when r > 

- -  1 e x p { _  r - - ~  M,(r, ~, ~) 2a ,  ~aa~TV-~}. ( 1 6 )  

The l i m i t i n g  v a l u e s  of M i when r ~ g a r e  ob ta ined  
f r o m  f o r m u l a s  (15) and (16) wi th  r = ~. 

F o r  a s p h e r e :  

1 exp { ([-~ ~)~ 1 (17) 
Ki(r, ~, ~)= 2 V-airier 4ai-c J' 

Mi(r, ~, ~)= l ~ { D - - K z ( r ,  ~, ~)}, (18) 
r 

r - -  ~ exp 
~ / - - -  1 5  1.5 D -= 4 V n a~' ~ 4ai~ 

i / }~-~1 V7} 
K~ (r, ~, ~) 2 V ~ s r  exp t I / ~  �9 , (19) 

e-~i(r, , ,  ~) = ~ {D--  K,(r ,  ~, E)}. (20) 
r 

The va lue  of D is  the  s a m e  as the  va lue  of Mi( r ,  r ,  ( )  
for  a p l a t e  f r o m  f o r m u l a  (13) and,  hence,  the va lue  of 

is  d e t e r m i n e d  f r o m  f o r m u l a s  (15) and (16) .  If we use  
funct ion  (17) and R0 = 0, then condi t ion  (3) is  r e -  
p l aced  by  

or, (0, ~) = O. (21) 
Or 

H e r e . 0  = 1, fi0 = 0, and the  t e r m s  of the f i r s t l i n e  
of the  m a t r i x  (9) can  be  r e p l a c e d  by the  fo l lowing:  

[)1"2 

.2t~ : - - l i m P '  I - -  05,0 § 0~'o)I, 
r ~ O  

1 
bat = - -  lira r "~ Mr. o - -  

- -  lira r~M--~o~ -- 1 exp - -  R~ V~_s_ 
r~o ~ I,7~ 

If R0 = 0, then,  a s s u m i n g  so lu t ion  (7) cont inuous  in 
the r e g i o n  bounded by the s u r f a c e  r = R1, condi t ion(3)  
can  be e l i m i n a t e d  and the p r o b l e m  so lved  for  2n - 1 
con tac t  and b o u n d a r y  cond i t ions  and 2n - 1 unknown 
func t ions .  In the  f i r s t  l a y e r  we a s s u m e  X 1 = H 1 = 0. In 
s y s t e m  (8) the  f i r s t  l ine  and HI,~ and H1/~ in the  second  
and th i rd  l ines  a r e  o m i t t e d .  Mat r ix  (9) is  a c c o r d i n g l y  
r e d u c e d  to the  f i r s t  l ine  and the f i r s t  co lumn.  In the 
c a s e  of the r e d u c e d  s y s t e m  the f i n i t ene s s  of t~(0, "r) 
can be e n s u r e d  by the funct ion 

exp{ (r--~)'al--eXp{ga,~ I (r4affq-~)~ 

K~(r, ~, ~)= / (22) 
"~ 2 l/a~n,~ r 

funct ion (17) is  not  su i t ab l e .  
F o r  a c y l i n d e r  

2a~ 1 4af~ I ' 

Mi(r, "r, ~)-- 4a/~2 exp 4ai "r ] 

Here  and be low T0(z), I I (z ) ,  K 0 ( z ) '  a r e  mod i f i ed  B e s -  
s e l  funct ions  of the  f i r s t  and second  kind,  r e s p e c t i v e l y ,  
and of o r d e r  i nd i ca t ed  by the s u b s c r i p t .  When r > g > 

> 0 , ( r  + ~) /2(a i ) l /a  > ( r - ~ ) / 2 ( a i ) l / a  > 0 ,  and, hence,  
f r o m  [2] 

K,,(r , , ,~)  1 K o ( r V ~ s l i  ( ~ . ~ s )  
= " ( 2 5 )  

When ~ > r > 0 

j (26) 

A s s u m i n g  tha t  i t  is p e r m i s s i b l e  to a l t e r  the o r d e r  of 
i n t e g r a t i o n  with r e s p e c t  to r and d i f f e r e n t i a t i o n  with 
r e s p e c t  to r ,  we can  w r i t e  Mi (r, r ,  ~) = 3/Or Ki( r ,  r ,  ~) .  
Hence,  when r > ~ > 0 

- 

M,(r, "~, ~)= a].V-~ K, -~---~7 ] ok V '<  ] '  (27) 

when ~ > r > 0 

Mi(r, % ~)= -a~ds Ko \ - ~ r  } l \ y ax j . (28) 

The l i m i t i n g  va lues  of funct ions  Ki and Mi when r ~ 
a r e  ob ta ined  d i r e c t l y  f r o m  f o r m u l a s  ( 2 5 ) - ( 2 8 ) .  The 
f o r m u l a  fo r  Ki (~, r ,  {) is  g iven  in [2]. We note  tha t  
d i f f e r e n t i a t i o n  with r e s p e c t  to the  p a r a m e t e r  ~ of the 
two s ides  of the equat ion 

J Ki(~, *, ~ )exp( - - s~ )d~  = 
0 

- a/ k ~ ] I~ \ - ~ a , .  / 

gives  a va lue  of M i (~, r ,  ~) equal  to the  h a l f - s u m  of 
the va lues  f r o m  f o r m u l a s  (27) and (28) when r ~ ~. 
Func t ion  (23) e n s u r e s  the  f i n i t e ne s s  of tl(0,r). Hence,  
if R0 = 0, i t  is  p o s s i b l e  and conven ien t  to e l i m i n a t e  
the boundary  condi t ion  (3) and to u se  the r e d u c e d  s y s -  
terns (8) and (9) with changes  s i m i l a r  to those  i n d i -  
ca t ed  for  the  s p h e r e .  

3. Func t ions  (12), (17), and (23) al low the u se  of 
o p e r a t i o n a l  ca l cu lus  t h e o r e m s ,  which f a c i l i t a t e  the  
de t e rmina t i on  of the o r i g i n a l s  (11) in many  c a s e s .  
Us ing  the L a p l a c e  t h e o r e m ,  we can  d e r i v e  the r e c u r -  
r e n t  f o r m u l a ,  by which we can r e p r e s e n t  the  d e t e r m i -  
nant  of the  unexpanded  m a t r i x  (9), i . e . ,  the d e t e r m i -  
nant of the  s y s t e m  for  the  i m a g e s  d --- Id2nh by a s e e -  
e n d - o r d e r  d e t e r m i n a n t .  F r o m  the s c h e m e  in F ig .  2, 
in which the nonz e ro  t e r m s  a r e  denoted  by b l a c k  dots ,  
we can  obtain:  

[d2n l=A- -B ,  n = 2 ,  3 . . . . .  (29) 

w h e r e  

I b ~ - n  2~-1 b2~_,., ~ 1 ; 
A = ]d2(~_.l) l i b2.. 2,~-J b2.. o~ 

B-= d2In-l----[- b2n-2'2n-l b2nT~ 2n 
] I I b2~,2,,-t b2. .~ " 
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is f o r m e d  f r o m  Id2(n-i) l if The d e t e r m i n a n t  
in the l a t t e r  the  ~e rms  of the l i ne  of n u m b e r s  2(n - 1) 
a r e  r e p l a c e d  by t e r m s  of the  l ine  of n u m b e r s  2(n - 1) + 
+ 1 f r o m  the  s a m e  c o l u m n s .  The ana log  of f o r m u l a  
(29) for  the c a s e  w h e r e  the f i r s t  l i ne s  and co lumns  in 
m a t r i x  (9) a r e  r e d u c e d  is ob ta ined  f r o m  the s c h e m e  
in F ig .  2 wi th  the  s a m e  r e d u c t i o n s .  The s u b s c r i p t s ,  
n u m b e r s  of l i n e s ,  and co lumns  a r e  r e d u c e d  by uni ty .  

We can  show that  as  a funct ion of v a r i a b l e  s,  the 
d e t e r m i n a n t  d ~ 0. F o r m u l a s  (10) give  the  only va lue s  
for  the  i m a g e s  ~j �9 In g e n e r a l ,  the  c o n s i d e r e d  p r o b l e m  
has  a s ing le  so lu t ion ,  s ince  for  the  d i f f e r e n c e  of two 
so lu t ions  of Eq. (1),  ob ta ined  for  the  s a m e  condi t ions ,  
func t ions  gi and the r i g h t  s i d e s  of condi t ions  ( 2 ) - ( 4 )  
a r e  ze ro .  In th i s  c a s e  the  t r a n s f o r m e d  s y s t e m  (8) wi l l  
g ive  a l l  ~j = 0. Hence,  the  d i f f e r e n c e  of the  so lu t ions  
wi l l  be z e r o .  

Example  No. 1. Data:  n = 1, R0 = t l ( r , 0 )  = g~(r, 
r )  = ~tl(0, z) /Or  = 0, ~t~(R1, , ) / O r  = q = cons t .  

Solution.  a) co = 0 .2 .  It fo l lows f r o m  the p r e s c r i b e d  
condi t ions  that  s0 = a~ = 1, fi0 = /31 = 0. 

Sys t em (8) 

H~/o + J~/o ~ 0 

HI/I "Jr" Jl/~ = q 

Mloo MIO1 

Mno Mnl 

E~ + 

Ma t r i x  (9) 

0 

q M,o~ q M~oo 
Id] ' ~ Idl 

J1 = ZlK.o  + ~ K I ~  = 

- M , o o  K , ~  - -  M , o ,  K . o  - q  
Mloo M n , - -  Mno M,o~ 

Subs t i tu t ion  of funct ions  Ki and Mi f r o m  f o r m u l a s  
( 1 4 ) - ( 1 6 ) ,  (19), (20) in the l a s t  e x p r e s s i o n  g ives  on 
the r igh t  the  i m a g e s  for  a p la t e  and s p h e r e ,  a g r e e i n g  
with t hose  ob ta ined  in [1] fo r  the s a m e  p r o b l e m .  Hence,  
we can  u s e  the  i n v e r s i o n  of t h e s e  i m a g e s  f r o m  [1]. 

b) w = 1, ~0 = ~l = 1, fi0 = i l l =  0. The r e d u c e d  
s y s t e m  (8):_ J1/i = q �9 The r e d u c e d  m a t r i x  (9): 
[IMll 1 I q II. $1 = q : M m '  J~ = elixir1 = "qKlrl/M~ll" Sub- 

s t i t u t ion  of funct ions  Ki and Mi f r o m  f o r m u l a s  (26) 
and (28) in the l a s t  e x p r e s s i o n  a f t e r  s i m p l e  t r a n s f o r -  
ma t ions  g ives  an i m a g e  c o r r e s p o n d i n g  to tha t  ob ta ined  
in [1] for  the s a m e  p r o b l e m .  Hence,  we can  u s e  the 
i n v e r s i o n  ob ta ined  t h e r e .  

E x a m p l e  No. 2. Data:  ~ = 0, n = 2, t l ,  2(r ,  0) = 

= gl. 2 (r, T) = P,o = t2(R2, T) = 0, t l(0,  r )  = t c = eons t .  
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Solut ion.  It fo l lows f r o m  the p r e s c r i b e d  condi t ions  

that :  so = a2 = 0, /3o = f12 = 1. 

Sys t em (8) 

HI,0 + Jl,o =to 

Hi,, + J~,l - -  H2,1 - -  J2,1 ----0 

Hul + J I / 1 -  -~(H2/ I  + J2/3=0 

H~,2 + J2,2 = 0  

Mat r ix  (9) 

t 2 V~ltc 1 e 1 

e~ 1 -- q - -  q% 0 

- - e l l m  l e ,  t 0 
e 2 0 

Mat r ix  (9) is  g iven a f t e r  m u l t i p l i c a t i o n  of the  f i r s t  

and second  l i nes  by 2(als)  1/2, the  t h i rd  l ine  by 2a 1, 
and the four th  by 2(a2s) l /2 :  

e I = exp V~1 ' e2 = exp - V~2 ' 

/ / /  al ~ al q =  ~ m -  . 
as ' ~L 1 Ct 2 

The so lu t ion  fo r  the  i m a g e s  is 

t 1 (r, s) = HI + -J1 = dlK'r~ 4- d2Flt , 

t,(r, s) = Tt~ + J~ = d.~R~r, + d4R~r2 
d 

Subst i tu t ion  in the  l a s t  e x p r e s s i o n o f  the expanded v a l -  
ues  for  d and d.1 and the va lue s  of K.~;~.~ f r o m  f o r m u l a  
(14), and the r e d u c t i o n  of the expon'el~ttal funct ion to 
a hype rbo l i c  one a f t e r  ma tch ing  the employed  c o o r d i -  
na t e  s y s t e m s  g ives  e x p r e s s i o n s  s i m i l a r  to t hose  o b -  
ta ined  in [1] fo r  the s a m e  p r o b l e m .  Hence,  we can  use  
the f o r m u l a s  given t h e r e  for  the i n v e r s i o n s  f r o m  ~ 

and t-2. 
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